Embedding diagrams have been used extensively to visualize the properties of curved space in Relativity. We introduce a new kind of embedding diagram based on the extrinsic curvature (instead of the intrinsic curvature). Such an extrinsic curvature embedding diagram, when used together with the usual kind of intrinsic curvature embedding diagram, carries the information of how a surface is embedded in the higher dimensional curved space. Simple examples are given to illustrate the idea.
I. INTRODUCTION
Embedding diagrams have been used extensively to visualize and understand properties of hypersurfaces in curved space. They are surfaces in a fiducial flat space having the same intrinsic curvature as the hypersurface being studied. In this paper we call the former a "model surface" and the latter a "physical surface". A familiar example is the "wormhole" construction as the embedding diagram of the time symmetric hypersurface in the maximally extended Schwarzschild geometry [1] . Another example often used is a sheet of paper curled into a cone in the 3 dimensional flat space. With the intrinsic curvature of the conical surface being zero, the "model surface" in the embedding diagram is a flat surface.
In this paper we investigate the construction of a different kind of embedding diagrams.
We examine the construction of a model surface (in a fiducial flat space) having the same extrinsic curvature as the physical surface. Such an extrinsic curvature embedding diagram describes not the geometry of the physical surface, but instead how it is embedded in the higher dimensional physical spacetime. (For convenient of description, in this paper we will discuss in terms of a 3 dimensional spacelike hypersurface in the 4 dimensional spacetime.
The same idea applies to a surface of any dimension in a space of any higher dimensions).
It is of interest to note that such an extrinsic curvature embedding diagram carries two senses of "embedding": (1) It is a surface "embedded" in a fiducial flat space to provide a representation of some properties of the physical surface (the meaning of embedding in the usual kind of embedding diagram based on intrinsic curvature), and (2) the diagram is also representing how the physical surface is "embedded" in the physical spacetime. The extrinsic curvature embedding carries information complimentary to the usual kind of embedding diagram showing the intrinsic curvature (which we call "intrinsic curvature embedding" in this paper). For example, in the case of the constant Schwarzschild time hypersurface in a Schwarzschild spacetime, the extrinsic curvature embedding is a flat surface. For the case of the curled paper, the extrinsic curvature embedding is a conical surface.
In addition to its pedagogical value (like those of intrinsic curvature embedding in pro-viding visual understanding), such extrinsic curvature embedding may help understand the behavior of different time slicings in numerical relativity, and properties of different foliations of spacetimes. Some elementary examples are worked out in this paper as a first step in understanding extrinsic curvature embedding.
II. INTRINSIC V.S. EXTRINSIC CURVATURE EMBEDDING
In the usual kind of embedding diagram (the intrinsic curvature embedding) one constructs a "model" surface in a fiducial flat space which has the same intrinsic geometry as the physical surface, in the sense of having the same induced metric. It should immediately be noted that in general it is impossible to match all metric components of the two surfaces [2] . For example, for a 3 dimensional (3D) surface in a 4D curved space, the induced metric g ij (i, j = 1, 2, 3) (the first fundamental form) has 6 components, each of which is function of 3 variables (x1, x2, x3). The 3D model surface in the fiducial 4D flat space (with flat metric in coordinates (x 0 ,x 1 ,x 2 ,x 3 )) is represented by only one function of 3 variables
). There are 3 more functions one can choose, which can be regarded either as making a coordinate change in the physical or model surface, or as choosing the mapping between a point (x1, x2, x3) on the physical surface to a point (x 1 ,x 2 ,x 3 ) on the model surface. Altogether, there are 4 arbitrary functions (e.g.,
at our disposal. In general we cannot match all 6 components of the induced metric. Only certain components can be matched, and the embedding can only provide a representation of these components. An alternative is to construct an embedding with the model surface in a higher dimensional space [3] [4] [5] .
In the case of a stationary spherical symmetric spacetime like the Schwarzschild spacetime, and when one is examining the geometry of a constant-Killing-time slice, one can choose a coordinate system (e.g., the Schwarzschild coordinate) in which there is only one non-trivial induced metric component (e.g., the radial metric component). This component can be visualized with an embedding diagram using the trivial mappingx 1 = x1,x 2 = x2, x 3 = x3 between the physical space and the fiducial space, with x1 = r being the circumferential radius, x2 = θ and x3 = φ. This leads to the "wormhole" embedding diagram in textbooks and popular literature.
Next we turn to extrinsic curvature embedding diagrams. To illustrate the idea, we discussed in terms of a 3D spacelike hypersurface in a 4D spacetime. Consider a constant time hypersurface in a 4D spacetime with the metric given in the usual 3 + 1 form
α is the lapse function, β i is the shift vector, and g ij is the spatial 3-metric of the constant t hypersurface. The extrinsic curvature (the second fundamental form) expressed in terms of the lapse and shift function is
Here "/" represents covariant derivative in the three-dimensional space.
We seek a surfacet = f (x i ) with the same extrinsic curvature K ij embedded in a fiducial
It is easy to see that the extrinsic curvature of the surfacet = f (x i ) is given by Under what conditions will a surface be fully "extrinsically-embeddable" in a fiducial flat space one dimensional higher? How many dimensions higher must a fiducial space be in order for a general surface to be extrinsically-embeddable? We hope to return to these questions in future publications.
The two kinds of embedding diagrams, intrinsic curvature embedding and extrinsic curvature embedding, are supplementary to one another and can be used together. The information contained in the usual kind of intrinsic embedding diagram is partial in the sense that different slicings of the same spacetime will give different intrinsic curvature embedding diagrams, and this information of which slicing is used (the choice of the "time" coordinate)
is contained in the extrinsic curvature embedding. Similarly, the information given in the extrinsic curvature embedding is partial, in the sense that the extrinsic curvature components depend on the choice of the spatial coordinates, an information that is contained in the intrinsic curvature embedding.
With the two kinds of embedding diagram constructed together, one can read out both the induced metric components and the extrinsic curvature components. In principle, all geometric properties of the surface can then be reconstructed, including how the surface is embedded in the higher dimensional spacetime. In the following we give explicit examples of these constructions.
III. EXAMPLES OF EXTRINSIC CURVATURE EMBEDDING DIAGRAMS
We begin with the simple case of the Schwarzschild metric in Schwarzschild coordinate,
Since the metric is time independent and has zero shift, from (2.2) one sees immediately that the constant t slicing has K ij = 0 for all i and j. The "extrinsic curvature embedding"
is obtained by identifying a point (r, θ, φ) to a point (r,θ,φ) in the fiducial flat space dS2 = −dt 2 + dr 2 +r 2 (dθ 2 + sin 2θdφ 2 ) , and by requiring the extrinsic curvatures of the physical surface (embedded in Schwarzschild spacetime) and the model surface (embedded in flat spacetime) be the same. This leads to a flat model surface in the fiducial flat space. We see that while the intrinsic curvature embedding of the Schwarzschild slicing is non-trivial (as given in text books and popular articles), the extrinsic curvature embedding is trivial.
This high-lights that the constant Schwarzschild time slicing is a "natural" foliation of the Schwarzschild geometry, in the sense that these (curved) constant-Schwarzschild-t surfaces are embedded in the (curved) Schwarzschild geometry in a trivial manner: same as a flat surface embedded in a flat spacetime.
It is interesting to compare this to different time slicings in Schwarzschild spacetime.
Define
The Schwarzschild metric (3.1) becomes
3)
The t ′ = constant surfaces have flat intrinsic geometry, so the intrinsic curvature embedding is trivial (the model surface is a flat surface in the fiducial flat space). But the extrinsic curvature embedding is non-trivial; as we shall work out below. This is just the opposite situation of the constant-Schwarzschild-t slice (non-trivial intrinsic embedding but trivial extrinsic embedding).
For the extrinsic curvature embedding of the constant-t ′ "flat slicing" of metric (3.3), with the spherical symmetry, it suffices to examine the slice θ = . A constant t ′ slicing in metric (3.3) has extrinsic curvature
The extrinsic curvature embedding is given by at = f (r,φ) surface embedded in a fiducial
Using (2.4), it is straightforward to find that the non-trivial extrinsic curvature components are
where f ′ = df /dr is a function to be determined by matching the extrinsic curvature (Krr, Kφφ) to that of the physical surface given by (3.4), (3.5).
It is immediately clear that with only one arbitrary functiont = f (r,φ), it would not be possible to match both of the two non-trivial extrinsic curvature components. To enable the matching, we introduce a spatial coordinate transformation on the t ′ = constant physical surface r = h(r ′ ). As K ij is a tensor on the surface, the coordinate change will change the value of K rr but not how the surface is embedded. Due to the spherical symmetry, it suffices to rescale only the radial coordinate, keeping the angular coordinate unchanged.
Using (3.7, 3.8) and (3.4, 3.5), and identifying the fiducial flat space coordinates (r,φ)
with physical space coordinate (r ′ , φ), we obtain the conditions on the functions f (r) and
where h ′ = dh/dr. The boundary conditions for the system are (i) f ′ tends zero at infinity, and (ii) h tends tor at infinity; that is, the embedding is trivial asymptotically. The two equations lead to a quadratic equation for f ′′ with the two roots
While both the "+" and the "-" sign solutions satisfy the boundary condition (i) for f ′ , it is easy to see that only the "-" solution leads to a h(r) that satisfies the boundary condition if we compare the normals of the neighboring points (r, φ) and (r + dr, φ), the "tips" of the normal vectors are further away than their bases. This accounts for the difference in sign of K rr and K φφ in (3.4) and (3.5). Also explicit visually is the fact that, at large r, the unit normals at neighboring points (both in the r and φ directions) become parallel, showing that the extrinsic curvature goes to zero. (Notice that K φφ is not going to zero as d/dφ is not a unit vector; rather, the extrinsic curvature contracted with the unit vector in the φ direction is going to zero as r −3/2 in the same way as K rr .) We note that f does not tend to a constant but is proportional to √ r at large r, although f ′ does go to zero as implied by the boundary condition.
We note that this prescription of visualizing the covariant components of the extrinsic curvature K ij is preciously the flat space version of the prescription given in Sec. 21.5 of Returning to the example at hand, we show in Figs. 2a and 2b the "scaling function"
h(r) v.s.r. We see that h is linear inr for larger, satisfying the boundary condition (ii).
In Fig. 2a , we see that h is nearly linear throughout. To see that h is not exactly linear,
we show in Fig. 2b that h ′ − 1 is appreciably different from zero in the region of smaller r.
This small difference from exact linearity is precisely what is needed to construct a model surface that can match both K rr and K φφ .
We see that the embedding is perfectly regular at the horizon (r = 2). It has a conical structure atr = 0, in the sense that f ′ is not going to zero but instead approaches 1 from below (i.e., f ′ ∼ 1 − a2r 2 for smallr). Although the surface covers allr values, we note that h(r) approaches a constant ∼ 0.2, implying that the embedding diagram does not cover the inner-most region (from r = 0 to r ∼ 0.2m) of the the circumferential radius r. Comparing this to the constant-Schwarzschild-time slicing (constant t slicing in metric (3.1)) is again interesting: The intrinsic curvature embedding of the constant-Schwarzschild-time slicing also does not cover the inner-region (from r = 0 to r = 2m), while the extrinsic curvature embedding of the constant-Schwarzschild-time slicing covers all r values just like the intrinsic curvature embedding of the "spatially flat" slicing.
We emphasize again that the extrinsic curvature embedding diagram Fig. 1 does not carry any information about the intrinsic geometry of the surface. For example, the circumference of a circle at a fixedr is not 2πr, and the distance on the model surface is not the physical distance between the corresponding points on the physical surface (unlike the case of the intrinsic curvature embedding diagram). This extrinsic curvature embedding diagram One might want to obtain the physical distance between two neighboring points, say, at r andr + dr, in Fig. 1 . This information is contained in Figs.2a and 2b , as the scaling factor h gives the relation between r andr = r ′ .
One can also give a visual representation of this information of the intrinsic geometry by plotting an intrinsic embedding diagram, as in Fig. 2c . Hence, between this pair of intrinsic and extrinsic embedding diagrams, we can obtain all necessary information about the physical surface, with both the first (metric) and second (extrinsic curvature) fundamental forms explicitly represented.
We note that in Fig. 2c , the coordinate labels are very close to equally spaced. This is a reflection of the fact that the scaling function h given in Fig. 2a is very close to being linear (but not exactly). This near-linearity of the scaling function, together with the fact the intrinsic embedding diagram is flat, tell us that in this special case, the physical distances (the physical metric) on the extrinsic curvature embedding surface in Fig. 1 between points are, to a good approximation, given simply by their coordinate separations in r ′ (while the extrinsic curvature is contained in the shape of the surface). Obviously this would not be true in general.
Next we turn to another simple example. The infalling Eddington-Finkelstein coordinate
The Schwarzschild metric in the "infallingt slicing" becomes
Both the intrinsic and extrinsic curvature embedding diagrams of the infallingt slicing are non-trivial. In the following we work out the extrinsic curvature embedding.
The extrinsic curvature of the "infalling slicing" is given by
Again with the spherical symmetry it suffice to study the slicing θ = π 2
. To construct the extrinsic embedding, we (i) introduce a coordinate scaling r = h(r ′ ), (ii) identify the coordinate (r ′ , φ) with (r,φ) of (3.6), and (iii) require K r ′ r ′ = K rr , K φφ = Kφφ. This leads to the following equations for f and h:
Eliminating h leads to a quadratic equation for f ′′ , the two roots of which give two second order equations for f . We omit the rather long expressions here. Again only one of the two equations admit a solution with the correct asymptotic behavior at larger (f ′ tends to zero and h tends tor). Integrating this second order equation gives the embedding diagram shown in Fig. 3 . The height of the surface represents the value of f , the horizontal plane is the (r, φ) plane. All quantities are in unit of m. Fig. 4a gives the scaling function h(r)
v.s.r, showing that it satisfies the boundary condition at infinity. Asymptotically h tends tor, while f ∼ −2mlog(r), and
. Again we see that h is very close to being linear. To show that it is not exactly linear, we plot in Fig. 4b the derivative of h v.s. r ′ .
For r ′ < 2m, the derivative is considerably less than 1.
As one may expect, the embedding is regular at the horizon, but has a conical structure atr = 0, same as the "spatially flat slicing" case above. For smallr, f ′ tends to −1 (from above), while h tends to a constant ∼ 1.2m. This implies that the inner most region of the circumferential radius r (from 0 to 1.2m) is not covered in the embedding diagram, again similar to the "spatially flat slicing" extrinsic curvature embedding studied above.
We see that while the model surface in the "spatially flat slicing" embedding diagram Again, one might want to visualize the physical distance between two neighboring points in Fig. 3 . This can be done by plotting the corresponding intrinsic embedding diagram in the r ′ coordinate, as is given in Fig. 4c . The physical distance between any two coordinate points r ′ 1 and r ′ 2 can be measured by their distance on this intrinsic embedding surface, in the flat space way. Due to the near linearity of the scaling function h, we see that the coordinate labels are again very close to equally spaced. However, in this case, unlike the spatially flat slicing above, the physical distance between the same coordinate distance dr ′ is larger for smaller r ′ , as we can see from the curving of the intrinsic embedding surface.
Between this pair of intrinsic and extrinsic embedding diagrams, we can again visualize all information of the physical surface.
IV. SUMMARY AND DISCUSSIONS
In this paper we propose a new type of embedding diagram, i.e., the "extrinsic curvature is not exactly linear. This slight deviation from exact nonlinearity is needed to enable both k rr and k φφ be matched. df /dr tends to 1 at the origin (r tends to 0), where the embedding has a conical singularity.
All quantities are in unit of m. Fig. 4a . Scaling factor h defined by (3.15, 3.16) for the "spatially flat slicing" of the Schwarzschild spacetime (line element (3.13)). h tends tor at infinity and is nearly linear through out. It tends to a non-zero constant ∼ 1.2m asr approaches zero. ing to the extrinsic curvature embedding diagram in Fig.3 , is plotted in r ′ =r, the same coordinate as used in Fig. 3 . Due to the linearity of h in Fig. 4a , the coordinate labels are nearly equally spaced. The physical distance between any two coordinate points r 
